Introduction.
Eigenvalue problems will be considered for linear, elliptic, self-adjoint partial differential operators on w-dimensional Euclidean space En. A typical point in En will be denoted by x = (x', x2, • • • , x"), and the Euclidean norm of x by |x|. Partial differentiation with respect to x* will be denoted by Dit i = 1, 2, • • • , n.
Elliptic operators L defined by (1.1) Lu = -) S DfiaijDju) + bu> , atj = <z/8 C \ i,j-l I are to be considered when the coefficients a,-,-, b, and c are continuous real-valued functions with &=^0, c>0 in En. The ellipticity of L implies that the symmetric matrix (a,,) is everywhere positive definite. A "solution" u of Lu = 0 is supposed to be of class C1 and all derivatives involved in (1.1) are supposed to exist, be continuous, and satisfy Lu = 0 at every point.
The eigenvalue problem for L on En will be called the basic problem. The only assumption to be made is that there exists at least one eigenvalue X for this problem whose associated eigenfunctions are "L-strongly asymptotic to zero" as x->=° (definition in §2). Our purpose is to obtain variational formulae for the eigenvalues and eigenfunctions of L when E" is perturbed to an w-disk of large radius a, and the null boundary condition is adjoined on the bounding (« -1)sphere. If the eigenspace of X is w-dimensional, our first theorem shows in particular that at least m eigenvalues of the perturbed problem converge to X as a-> °°. Our other results are refinements of this which lead to asymptotic estimates for eigenfunctions. The method of estimation used here is due to H. F. Bohnenblust.
The problem at hand of estimating eigenvalues and eigenfunctions for large domains has its physical origin in certain models of enclosed quantum mechanical systems, considered by a number of authors including de Groot and ten Seldam [2] , [12] , Dingle [3] , Hull and Julius [6] , Sommerfeld and Hartman [7] . In the case that the Schrodinger operator (a special case of (1.1)) is separable, the problem reduces to a domain-perturbation problem for a singular second-order ordinary differential operator, for which various results have been obtained [8] , [9], [lO].
2. Basic and perturbed problems. Let Ra denote the w-disk {x: |x| <a, a>0}, and let B= Badenote the bounding («-l)-sphere. Let §, &a be the Hilbert spaces which are the Lebesgue spaces with respective inner products defined by
The Hilbert norms will be denoted as usual by ||m[|, ||m||<i-The basic eigenvalue problem for L is
where any eigenfunction is a solution of the differential equation in the sense described in §1.
The perturbed domain T)a is defined as the set of all complex-valued functions v which satisfy the following conditions: It is not true in general that the eigenvalues n = u{a) of (2.2) tend to limits as a-> =°, even when the spectrum of the basic problem is entirely discrete. Easy counterexamples are provided in the case n = 1 when the singularity at o° is of the limit circle type in Weyl's classification [9]. Here we shall prove the convergence of the eigenvalues ju(a) to basic eigenvalues under the assumption that all basic eigenfunctions are P-strongly asymptotic to zero. As an example of (1.1), consider the Schrodinger
as |x|-► «>. Since b(x)-»°°, the whole basic spectrum is discrete [13, p. 150] . A parametrix is <p(a) _a-B/2 exp(a2/2), a> \fn/2, and every basic eigenfunction satisfies (2.4). 3 . Asymptotic estimates for eigenvalues. The eigenspace associated with a basic eigenvalue X will be denoted by Six. The following notations will be used *"[«] = 2hmax I «| jUGllateWNIa)-1 (« ^ 0) Theorem 2. Let \bea basic eigenvalue of multiplicity m whose eigenfunctions are all L-strongly asymptotic to zero. If there exists a basic eigenvalue exceeding X, then there is a positive number ai such that exactly m perturbed eigenvalues \ii are enclosed in the interval [X, X+pa] whenever a^a\.
Proof.
Suppose first that X is the smallest basic eigenvalue. Let X' be the smallest eigenvalue exceeding X. Since \pa = o(l) as a-»<», there is a number ai^a0 such that ir'a<(X' -X)/2X' whenever a^ai, which implies X+pa<X'.
Then Proof. Select the number e in (3.4) to be a -a', where a = l/X, a' = l/X'. With ai as in Theorem 2, it follows that 2o^0<a(X'-X)/X' = a -a' = e for a^ai. Then goe is w-dimensional by Theorem 2 and P(«)m=0 implies w = 0 by (3.4) . Hence there exist m uniquely determined linearly independent eigenfunctions z, corresponding to a which P(e) maps into the orthonormal eigenfunctions vit and by (3.4), ||z.--»i||o = OW'o). Since by the Schwarz inequality, (z,-, zy)o = 5;y+0(i/y), i, j = l, 2, ■ • ■ , m.
Since the z, are linearly independent, an orthonormal sequence {ui\ can be constructed by the Schmidt process as linear combinations of the zit and it is seen without difficulty that ||mj -zJ||" = 0(^'"). Hence Wo(x) ^ 5 \\fiv -Xm||0 + 0 (5 ) .
With the choice b=ipa,n we obtain the uniform estimate wa(x) = 0{ypa), where 0<q = (n -2p)/n<i/n.
In The function g defined by
is a solution of the Dirichlet problem Lg = 0 in Ra, g = 0 on Ba, and hence g is identically zero. The uniform estimate (4.2) is then a consequence of (4.4) and (4.5).
5.
Asymptotic variational formulae for eigenvalues. We shall require Green's symmetric identity in the form [4] Finally we appeal to the uniform estimate (4.2) and to (5.5) to obtain X -p =[{/«}" -X</,/).][! + OGMl + </, *.>.0(*").
In some cases the first term dominates the other terms, and we obtain the asymptotic form (5.6) p(fl)-X~{«/}0 as a-» <».
The results of Theorems 1-3 are then sharpened accordingly.
In the example considered at the end of §2, some of the basic eigenfunctions are asymptotic to radial functions P(| x\) (explicit formulae in [13] ). In such cases, f(x)~R(a)<l>(\x\)/4>(a), and (5.6) yields the eigenvalue variation u(a) -X~co"_ian| R(a) |2, where w"_i denotes the volume of the unit (« -l)-sphere.
